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1 Introduction 



Positivity properties of quasilinear elliptic equations, in particular those with 
the p-Laplacian term in the principal part, have been extensively studied over 
the recent decades (see for example [21 El El HO] and the references therein). 
Fix p G (l,cx3), and a domain VL C W^. In this paper we use positivity 
properties of such equations to prove a general Liouville comparison principle 
for equations of the form 

-Ap(m) + V\uY-'^u = mVt, 

where /^p{u) := V ■ (|Vm|^~^Vm) is the p-Laplacian, and V G Li'^j,(f2;R) is a 
given potential. Throughout this paper we assume that 

Q{u):= [ {\Vuf + V\uf) dx>0 (1.1) 
Jn 

for all u G C^i^). 

Definition 1.1. We say that a function v G W^^^{^) is a (weak) solution of 
the equation 

-Q'(v) := -AJv) + V\v\P-h = in Q, (1.2) 
P 

if for every Lp G C^^Vl) 

[ {\Vv\P-^Vv ■ Vip + V\vf-\ip) dx = 0. (1.3) 
Jn 

We say that a real function v G Ci^^{Q) is a supersolution (resp. subsolution) 
of the equation (11.21) if for every nonnegative ip G C^{Q) 

{\Vv\P'^Vv ■ Vif + V\v\P~\ip) dx>0 (resp. < 0). (1.4) 

Remark 1.2. It is well-known that any weak solution of (11.21) admits Holder 
continuous first derivatives, and that any nonnegative solution of (11.20 sat- 
isfies the Harnack inequality [121 [131 [IS] . 

Definition 1.3. We say that the functional Q has a weighted spectral gap in 
Q if there is a positive continuous function in f2 such that 

Q{u)> [ W\u\Pdx \fueC^{n). (1.5) 
Jn 
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Definition 1.4. Let Q be a nonnegative functional on C^{Q). We say that 
a sequence {uk} C C^{Q) of nonnegative functions is a null sequence of the 
functional Q in Q, if there exists an open set B Q (i.e., B is compact in 
Q) such that \uk\''^ dx = 1, and 

lim Q(Mfc) = lim + V\uk\^) dx = 0. (1.6) 

fc— ►OO fc— K30 

We say that a positive function v G CiQj,(i7) is a ground state of the functional 
Q in f2 if f is an L^^^{Q) limit of a null sequence of Q- 

Remark 1.5. The requirement that {uk} C C^{Q), can clearly be weak- 
ened by assuming only that {uk} C W^'^lfl). Also, the requirement that 
\uk\^ dx = 1 can be replaced by \uk\^ dx x 1, where fk x means that 
there exists a positive constant C such that C~^gk < fk ^ Cgk for all G N. 

The following theorem was proved in [TU] . 

Theorem 1.6. Let Vt he a domain, V G L'^^(^l), and p G (l,oo). 

Suppose that the functional Q is nonnegative on C^{Q). Then 

(a) Q has either a weighted spectral gap or a ground state. 

(b) If Q admits a ground state v, then f > and v satisfies U.S\) . 

(c) The functional Q admits a ground state if and only if U.^) admits a 
unique positive supers olution. 

Example 1.7. Consider the functional Q{u) := J^^ |VM|^dx. It follows from 
[71 Theorem 2] that if d < p, then Q admits a ground state ip = constant in 
M*^. On the other hand, if d > p, then 

u{x) := [l + ''^ , v{x) = constant 

are two positive supersolutions of the equation —ApU = in M'^. Therefore, 
Theorem 11.61 (c) implies that if d > p, then Q has a weighted spectral gap in 
M'^. See also Example [321 

In a recent paper [9], Theorem 11.61 was used in order to prove, for p = 2, 
the following Liouville-type statement. 
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Theorem 1.8 (P]). Let Q be a domain in M'^, d > 1. Consider two strictly 
elliptic Schrddinger operators defined on Q of the form 

P, := -V ■ (AjV) + J = 0, 1, (1.7) 

where Vj G LfQ(,(r2;M) for some p > d/2, and Aj : Q ^ R'^^ are measurable 
symmetric matrices such that for any K Q there exists fix > 1 such that 

I^K^Id < Aj{x) < HKld Vx G K. (1.8) 

(Here Id is the d-dimensional identity matrix, and the matrix inequality A < 
B means that B — A is a nonnegative matrix on W^.) 

Assume that the following assumptions hold true, 
(i) The operator Pi admits a ground state (f in Q. 

(a) Pq > on C^{Q), and there exists a real function ip G Hl^^{Q) such 
that ip^ 7^ 0, and Poip < in Q, where u+{x) := max{0, u{x)}. 

(Hi) The following matrix inequality holds 

{ip+f{x)Ao{x)<Cip'^{x)Ai{x) a. e. inn, (1.9) 
where C > is a positive constant. 

Then the operator Pq admits a ground state in Q, and ip is the corresponding 
ground state. In particular, ip is (up to a multiplicative constant) the unique 
positive supersolution of the equation Pqu = inVt. 

The purpose of this paper is to find an analog of Theorem 11.81 when p ^ 2. 
The main statement is as follows. 

Theorem 1.9. Let Q be a domain in M.'^, d > 1, and let p G (l,oo). For 
J = 0, 1, let Vj G L^^{n), and let 

Qj{u) := [ i\\/uix)\P + Vjix)\u{x)\P) dx m G C^in). 
Jn 

Assume that the following assumptions hold true, 
(i) The functional Qi admits a ground state ipinVL. 
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(a) Qo ^ on C^{fl), and the equation Qq{u) = in Q admits a suhsolu- 
tion ip G Wi^^{Q) satisfying ip^ ^ 0. 

(Hi) The following inequality holds almost everywhere in fl 

^+<C<f, (1.10) 

where C > is a positive constant. 

(iv) The following inequality holds almost everywhere m f2 fl {■?/'> 0} 

< C\V^\P-\ (1.11) 

where C > is a positive constant. 

Then the functional Qq admits a ground state in Q, and ip is the ground 
state. In particular, ip is (up to a multiplicative constant) the unique positive 
supersolution of the equation Q'o{u) = in Q. 

Remark 1.10. Condition ( II. lip is redundant for p = 2. For p 7^ 2 it is 
equivalent to the assumption that the following inequality holds in Q: 

|VV^+|<C|V^| ifp>2, 

|V^+| > C\Vip\ if p < 2, ^ ■ ^ 

where C > is a positive constant. 

Remark 1.11. This theorem holds if, in addition to (11.101) . one assumes 
instead of IV^^I^-^ < C\\/ip\P-^ in (]n{^ > 0} (see (fTTTD ). that the following 
inequality holds true almost everywhere in QCi {tp > 0} 

v^^iwr' < C(^'iv<^r-2, (1.13) 

where C > is a positive constant. This can be easily observed by repeating 
the proof of Theorem 11.91 with the equivalent energy functional represented 
in the form fl27[il) instead of (I2A3D . 

Remark 1.12. Suppose that 1 < p < 2, and assume that the ground state 
(y9 > of the functional Qi is such that w = 1 is a ground state of the 
functional 

Ef{w) = [ ipP\Vwfdx, (1.14) 
Jn 
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that is, there is a sequence {wk} C C^{Q) of nonnegative functions satisfying 
Ef{wk) — > 0, and \ wk\^ = 1 for a fixed B Q (this imphes that Wk ^ 1 
in Ly^^{Q)). In this case, the conclusion of Theorem 11.91 holds if there is a 
nonnegative subsolution ip+ of Q'q{u) = satisfying (11. 101) alone, without any 
assumption on the gradients (like (11.111) or (I1.13P ). This statement follows 
from the proof of Theorem 11.91 together with the trivial inequality 

v^\Vw\^ {w\Vv\ + v\Vw\Y~^ dx < / vP\Vw\Pdx 

which actually holds pointwise. We use this observation in Example 13.21 

Remark 1.13. By Picone identity, a nonnegative functional Q can be rep- 
resented as the integral of a nonnegative Lagrangian L. Although the ex- 
pression for L contains an indefinite term (see (12. 2p ). it admits a two-sided 
estimate by a simplified Lagrangian with nonnegative terms (see Lemma 1?^ . 
We call the functional associated with this simplified Lagrangian the simpli- 
fied energy. It plays a crucial role in the proof of Theorem 11.91 

Remark 1.14. Condition (II. lip is essential when p > 2, and presumably 
also when p < 2. When p > 2, Q = M.'^ and V is radially symmetric. Proposi- 
tion U]2] shows that the simplified energy functional is not equivalent to either 
of its two terms that lead to conditions (ll.lOp and (II. lip , respectively (see 
also Remark 14.11). 



The outline of the paper is as follows. In Section [2] we study the rep- 
resentation of Q as a functional with a positive Lagrangian, and derive the 
equivalent simplified energy. Theorem 11.91 is proved in Section [31 and Sec- 
tion m is devoted to the irreducibility of the simplified energy to either of its 
terms. In Section [5l we study a connection between the ground states of the 
functional Q and of its linearization. 

2 Picone identity 

Letv>0,v e Cl^i^), and M > 0, M G C^i^). Denote 

R{u, v) := - V i ^ j ■ \Vv\f-^Vv, (2.1) 
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and 

L(u, v) := \Vu\P +(p- l) — \Vv\P - p -Vu ■ \Vv\f~^\/v. (2.2) 

yP yP-i- 

Then the following (generalized) Picone identity holds [5], [2], [3] 

R{u,v) = L{u,v). (2.3) 
Write L{u,v) = Li{u,v) + L2{u,v), where 



p-i 



L,{u,v):=\Vu\^ + {p-l)-\Vv\P-p—^\Vu\\Vvr\ (2.4) 

yP yP-i 



and 



p-i 



L2{u,v) := P^—^\yv\'P~\\Wu\\Wv\ -Wu-Wv) > 0. (2.5) 

From the obvious inequahty t^ + {p— 1) —pt > 0, we also have that Li{u, v) > 
0. Therefore, L{u,v) > in f2. Let v G Cl^^{fl) be a positive solution (resp. 
subsolution) of (11. 2p . Using (12.31) and (11.30 (resp. (II. 4p ). we infer that for 
every u G C^(fi), m > 0, 

Q{u) = I L{u,v)dx, resp. Q{u) < / L{u,v)(\.x. (2.6) 
Jo, Jq 

Let now w := u/t>, where f is a positive solution of (11.21) and u G C^{Q), 
u > 0. Then (12. 6p implies 

/ [|t;Vu7 + wVw|P-u;^|V?;|P-pu;P~^i;|Vi;|P~^Vt;- V^x;] dx. 
Jn 

(2.7) 

Similarly, if f is a nonnegative subsolution of (II. 2p . then 



Qivw) 



Q{vw)< I [\vVw + wVvY' -w'P\Vv\P -pw'P'^v\Vv\P-'^Vv -Vw] dx. 
Jn 

(2.8) 

A need to study the linearized operator arises at a certain step in this 
paper. This linearized operator is a Schrodinger operator of the form 

Pu:= {-V ■ (AV) +V)u inn. (2.9) 
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We assume that V G and A : Q M'^^ is a measurable (sym- 

metric) matrix valued function satisfying 01.81) . We consider the quadratic 
form 

a[u] := / {AVu-Vu + V\u\'^)dx (2.10) 
Jn 

on C^{Q) associated with the operator P. We have the following version of 
Picone identity (see [TP]). 

Lemma 2.1. Let ip be a (real valued) solution of the equation Pip = in Q. 
Then for any v G C^{Q) we have 

a[ipv]= / ip^AVv -Vvdx. (2.11) 
Jn 

Moreover, ifip G Hi^^{Q) is a nonnegative subsolution of the equation Pip = 
in fl, then for any nonnegative v G C^{fl) we have 

a[ipv]< / ip^AVv -Vvdx. (2.12) 
Jn 

So, in the linear case, the quadratic form induces a convenient weighted 
(Dirichlet-type) norm \\v\\^ := J^ip'^AVv ■ Vvdx on C^{Q). Recall that in 
the quasilinear case {p ^ 2), the Lagrangian L in Picone's identity and (12.71) 
contain indefinite terms. Therefore, it is more convenient to replace identity 
(12.71) by two-sided inequalities with a simpler expression which we call the 
simplified energy. 

Lemma 2.2. Let v G Cl^^{Q) be a positive solution of ( (i.^) and let w G 

Cq{Q) be a nonnegative function. Then 

Q{vw)- v^lVwl"^ {w\Vv\ + vlVwlf^ dx. (2.13) 
Jn 

Moreover, for allp ^ 2 

Q{vw)^C J \Ww\^ {w\Vv\v~ + v~\Vw\j dx (2.14) 
In particular, for p > 2 we have 



Qivw) 



[ {vP\Vw\P + v^\Vv\P-^wP-^\Vw\^) dx. (2.15) 
Jn 



Ifv is only a nonnegative suhsolution of U.S\) . then 

Q{vw)<C f v'^\S/w\^{w\Vv\ + v\Vw\Y-'^ dx. (2.16) 
Ifp^2, then 

Q{vw)<C iVwl"^ (w\Vv\v^ +v^\Vw\y ^ dx (2.17) 
Jnn{v>o} ^ ' 

Moreover, for p > 2 we have 

Q{vw)<C I {v'P\VwY' + v^\Vvy-^wP-^\Vw\^) dx. (2.18) 

Proof. Let 1 < p < oo. We need the following elementary algebraic vector 
inequality (cf. [Ilfll]) 

\a + - \a\^ -p\a\P-^a ■ b x \b\Wa\ + \b\y-^ (2.19) 

for all a, 6 e R'^. 

Indeed, let t = \b\/\a\ and 6 = {a ■ 6)/(|a||6|). Note that for -1 < < 1 

, \t^ + 2et + i\p/^ -1 - pet 

lim J ' , , — = 1, 2.20 

and 

\t^ +2et+l\P/'^ -l-p9t P, , ^.9^ ^ . ^ 

lim ^ ,7 X o ^ = - 1 + > a > 0. 2.21 

Finally, we claim that for t > and — 1 < < 1 we have 

fit, 9) := 1^2 + 2^^ + 11*^/2 -l-pet>0. (2.22) 
Indeed, set s := (f + 2et + ly/^ > 0, then 

fit, 6) = [s^ + ip-i)- ps] + pne + 2et + if'^ -i-et]. 

Clearly, for s > we have, gis) := [s^ + (p — 1) — ps] > 0, and gis) = if 
and only if s = 1, which holds if and only if t = —29. 
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On the other hand, let 

h{t,9) ■.= p[{f + 2et + iY/^ -l-9t]. 

Then h{t, 9) > 0, and h{t, ^) = if and only ii 6 = ±1. Note that if ^ = -1 
and t = -26, then we have /(2, -1) = 2p>0. Thus, f{t, 6) > for alH > 
and -1<9<1. 

Therefore, for 1 < p < oo, relations fl2.20p - fl2.22p imply 

+ 29t+ _ 1 _ X t\l + t)P~^. 

Thus, ( nJ9\f holds true for all a,b e R'^. 

Set now a := w|Vf |, b := f|Vw|. Then we obtain fl2.13p and fl2.16p by 
applying fl^l^ to fjM]) and t[23]), respectively. □ 

The following AUegretto-Piepenbrink-type theorem was proved in [TOj . 

Theorem 2.3 ([10, Theorem 2.3]). Let Q be a functional of the form ( fi. il) . 
Then the following assertions are equivalent 

(i) The functional Q is nonnegative on C^{Q). 

(a) Equation ( li.^j) admits a global positive solution. 

(Hi) Equation / li.^j) admits a global positive supers olution. 

The next lemma is well known for p = 2 (see for example [H Lemma 2.9]). 

Lemma 2.4. Let v G Cl^^{Q) be a subsolution of equation ( fi.^) . Then f + is 
also a subsolution of ( li.^j) . 

Proo/. Fix ifi e C^(f^), > 0. As in P Lemma 2.9], define for e > 

/ 2 2\ 1 /2 1 ^ 

■■= {v +e ) ' , and v^e := — ^ ■ 

2Ve 

Then Ve —>■ \v\, Vfg V|f |, and — > (sgnf+)y9 as e 0. An elementary 
computation shows that 
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and therefore, 



Since 



it follows that 



V ( ^^^^ 1 ■ Vy? < ■ V^e- 



[ {\\/v\P-^Vv ■ Wifie + V\v\P-%ip,) dx < 0, (2.23) 
Jq 



j {\Vv\^-^V [^^Y^ ■ ^'^ + V\v\^-\^e) dx < 0. (2.24) 

Letting e ^ we obtain 

I {\Vv+\''-^Vv+ ■ Vip + V\v+\P-^v+ip) dx < 0. (2.25) 
Jn 



□ 



3 Proof of the main result 

Proof of Theore'm \1.9{ . By Lemma [2.41 we may assume that ip > 0. 

Let {uk} be a null sequence for Qi, that is Qi{uk) —>■ and, for some 
nonempty open set B fl, J^u^dx = 1. Without loss of generality, we may 
assume that B C supp-?/^. Let Wk ■= Uk/^p. From fl2.13p it follows that with 
some C > 

ip^lVwkl^ iwk\Vip\ + ip\Vwk\f~^ dx < CQi{uk) ^ 0. 

Fix a, /3 G M+, then the function / : ^ M+ defined by 

f{s,t) := aH^Ps'/^P-^^ + aty-' 

is nondecreasing monotone function in each variable separately. Hence, as- 
sumptions Ol.lOp and (11.111) imply that 

/ ^P^\Vwkf iwk\V^P\ + ^|J\Vwk\y-^ dx 0. 
Jn 

Together with (12.131) this implies that Qo{ipWk) 0. On the other hand, 
since — > 1 in Lf^^(O), it follows that ipWk in Lf^^{Q). Consequently, 
J^cp^w^dx = 1 implies that J^ip'^w^dx x 1. In light of Remark ll.5[ we 
conclude that ip is a ground state of Qq. □ 
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Example 3.1. Assume that l<d<p<2,p>l,Q = M.'^, and consider the 
functional Qi{u) := f^^ |VM|^dx. By Example \1.7\ the functional Qi admits 
a ground state ip = constant in M*^. 

Let Qo be a functional of the form (11.11) satisfying Qo > on C^(M.'^). 
Let ip e PVi^f (M'^), V+ 7^ be a subsolution of the equation Q'q{u) = in R'^, 
such that ip^ G L°°{R'^). It follows from Theorem 11.91 that ip is the ground 
state of Qo in In particular, ip is (up to a multiplicative constant) the 
unique positive supersolution and unique bounded solution of the equation 
Q'q{u) = in M"^. Note that there is no assumption on the behavior of 
the potential Vq at infinity. This result generalizes some striking Liouville 
theorems for Schrodinger operators on M*^ that hold for = 1,2 and p = 2 
(see PI theorems 1.4-1.6]). 

Example 3.2. Let d > 1, d p, and f2 := M'^ \ {0} be the punctured space. 
Let c*^^ := \{p — d)/p\P be the Hardy constant, and consider the functional 

Q{u) := ^ (^1 V«r - c;,.^) dx ue C^{Q). (3.1) 

By Hardy's inequality, Q is nonnegative on C^{fl). The proof of Theorem 
1.3 in [TT] shows that Q admits a null sequence. It can be easily checked 
that the function v{r) := \r\^P~''-^/P is a positive solution of the corresponding 
radial equation: 

^-1 1 \v\'P~h 

c;,d^:;^ = rG(0,oo). 



\v'\P-^ 



(p _ 1)^" + LAy' 



Therefore, (p{x) := \x\^p~'^^/p is the ground state of the equation 



- A,u - = inn. (3.2) 

Note that if ^ Wj^f (M'') for p d. In particular, (p is not a positive superso- 
lution of the equation ApU = in M'^. 

Let Qo be a functional of the form (11.11) satisfying Qo > on C^{Q). Let 
ip G Wi^^{Q), 1 < p < oo, p ^ d, ip+ ^ he a subsolution of the equation 
Qq{u) = in f2, satisfying 

^+(a;) < C\x\'^P-'^^/P, xeQ. (3.3) 
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When p > 2, we require in addition that the following inequality is satisfied 



ij+{xY\\/ij+{x)\P~^ < C\x\^-'^, xen. (3.4) 

It follows from Theorem 11.91 Remark 11.111 and Remark 11.121 that is the 
ground state of Qq in Q. The reason why (13.41) is stated only for p > 2 hinges 
on the fact that for p <2, 

C-^Qo{ipw) < Ef{w) = [ \x\P-'^\Vw\P dx, (3.5) 

Jn 

and for all p > 1 the functional Ef has a ground state 1. The null sequence 
convergent to this ground state is given by ^llj, relation (2.2) with R — »• oo. 
Therefore, Remark 11.121 applies. 

Next, we present a family of functionals Qq for which the conditions of 
Example 13.21 are satisfied. 



Example 3.3. Let d > 2, 1 < p < d, a > 0, and Q := R'^ \ {0}. Let 

adp 

/ d, — r)\^ 

WJx) := - 



d-p\^ d-p 



I I ^ 



p 



Note that if a = this is the Hardy potential as in the Example 13. 2[ If Qq 
is the functional (11.11) with the potential V := Wa, then 



^a{x) := (a + |x|p-i j 



(d-p)(p-i) 



is a solution of Qq{u) = in f2, and therefore Qo ^ on C^{Q). Moreover, 
one can use the calculations of Example 13.21 to show that ipa is a ground 
state of Qq. Indeed, we note first that = ipa satisfies (13. 3p . If < p < d, 
then ipa satisfies also (13. 4p and therefore, it is a ground state in this case. In 
the remaining case p < < 2, Example 13.21 concludes that -ipa is a ground 
state from the property of the functional (13. 5p . 



4 The simplified energy 

In this section we give examples showing that none of the terms in the simpli- 
fied energy (12.151) for p > 2 is dominated by the other, so that (I2.15P cannot 
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be further simplified. In particular, neither condition fll.lOl) nor condition 
fix. lip in Theorem 11.91 can be omitted. 

Let p> 2, and fix v > 0, v e Cioc(^)- For w e C^{il) we denote 

E'liw) := / vP\Vw\Pdx, (4.1) 
Jn 

and 

E^{w):= I v'^\Vv\P-^w'P-^\Vw\^dx. (4.2) 

Remark 4.1. Suppose that V = Q m. Vt, and assume that Q has a weighted 
spectral gap in VL. In this case, the constant function f = 1 is a positive 
solution of (11.21) which is not a ground state in VL. Clearly, = on C^{VL). 
Therefore, the inequality Qiyu) < CE2{u) for u G C^{fl) is generally false, 
or in other words, the first term in the simplified energy fl2.15p is necessary. 
The above assumptions are satisfied if Q' is the p-Laplacian operator, and 
either int (M'^ \ Q) ^ (ll, ot Q = R'^ and p < d (see Example [TT]) . 

In the following proposition we restrict our consideration to the case fl = 
M'^ and a radial positive solution v. 

Proposition 4.2. Let Q = R'^ and p> 2. 

• There exists a positive continuous radial function ip on M*^ such that 
the simplified energy Ef{w) + -E|'(u') has a weighted spectral gap, but 
there exist a sequence {uk} C C^(M°') with Uk > 0, and an open set 
B such that Ef{uk) — > and \uk\^ dx = 1. 

• Moreover, there exists a positive radial continuous function ip on R"^ 
such that the simplified energy Ef{w) + -E^(w) has a weighted spectral 
gap, but there exist a sequence {vk} C C^{R'^) with Vk > 0, and an 
open set i? d R'' such that i?^(ffc) and \vk\^ dx = 1. 

Proof. Step 1. Let Q be a functional of the form f 1 1.1 1) on R'^ with a radial 
potential V. By the proof of Theorem 12.31 (see, [TUl Theorem 2.3]), it fol- 
lows that a radial functional Q is nonnegative on C^(M'^) if and only if the 
equation Q'{u) = admits a positive radial solution in R'^. On the other 
hand, from the standard rearrangement argument it is evident that Q has 
a weighted spectral gap if and only if it has a radial weighted spectral gap 
with a radial potential W. Therefore, Q has a weighted spectral gap if and 
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only if there exists a positive continuous radial potential W such that the 
Euler-Lagrange equation for the functional Q{u) — f^^ W\u\p dx has a pos- 
itive radial solution. But such a solution is a (radial) supersolution of the 
equation Q'{u) = in M'^ which is not a solution. Therefore, it is sufficient 
to consider the restrictions of Q and Q' to radial functions. (So, in fact, we 
are dealing with a one-dimensional problem.) 

Step 2. We establish for a radial function cp a criterion for the existence of 
null sequences for Ef and E2 using a change of variable. First, for a positive 
continuous function ip on [0, 00) define pi(r) by 

Mr) := [^ns)s'^Y'^^'-'Us . (4.3) 

Assume further that p < d, then pi is well-defined on (0, 00) and pi(0) = —00. 
Since 

in = (<^Pr'^-i)i/(P-i), 
dpi 

it follows that for a radially symmetric w G C^(R'') we have 

Ef{w)= ^^P\Vw\Pdx = Cd \w\p,)\Pdpu (4.4) 

JR'* J-00 

where 

/■oo 

Ml = Mf := / (^V-i)-^/(P-i) dr. (4.5) 



Recall that from Example 11.71 it follows that for p > 1 the p-Laplacian on 
(a, b) admits a ground state if and only if (a, b) = R. Therefore, Ef has a 
null sequence if and only if Mf = 00 and p < d (cf. [Bl Theorem 3.1]). 

Consider now the functional i?^. The substitution u := w^^'^ implies that 

Ef{w)= [ ^^\Vv\P-^wP-^\Vw\^dx = {2/py f ip^\Vv\P-^\Vu\^dx. 

(4.6) 

Let 

P2(r):= [\{sr'\y,'{s)\'^Ps'-'ds, (4.7) 



and assume further that d > 2, then p2 is well-defined function on (0, 00) 
and p2(0) = —00. 
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Using spherical coordinates for radial w, and then the substitution p2, we 
obtain 



where 



/ y.2|Vy,|P-2^f-2|V^|2dx = C, / |tx'(p2)rdp2, 
JW^ J -oo 

/oo 
(^-^Ivpf-Pr^-'^dr. (4. 



Therefore, E2 has a null sequence (for p > 2 and > 2) if and only if 
= 00 (cf. m Theorem 3.1]). 

Therefore, in order to prove the proposition it is sufficient to find two 
positive radial functions (p and ijj satisfying Mf = 00 and M2 < 00, while 
Mf < 00 and = 00. 

Step 3. Let us simplify now (14.50 and (14.81) in order to investigate when Mj 
are finite or infinite for a specific (f and j = 1,2. Without loss of generality 
we assume that the integration in (14. 5 p and (14.81) is from Tq to 00, where 
ro ^ 1. We set first (p(r) := r^-'^/Pfjl^r), where 2 < p < d. Then (14.51) 
becomes, up to a constant multiple. 



Mi=/ (y?V-^)-^/(*'-^)dr= / T^-P/^P-^V-Mr. (4.9) 



ro "To 



00 



Set now 

ri{r) := [&-''^/^P-^\logty] ^"'^^^^ , where t := logr, and 7 > 0. 
Then we have 

/»oo roc 

Ml = / dr = / [t(P"i)/(^-2)(logt)^] dt = 

Jrn Jtn 



~ (logt)^(2-p)/(p-l) 

dt. 



*0 

On the other hand 

2-p 



M2 = / ^-^\^'?-Pr^-'^(lr 

Jro 

Denote 



roo 


p — d rrj' 


Jro 


p 1] 



rj-Pr-^dr. (4.10) 



poo POO 

M2 := / T]-Pr-^dr= f-P{\ogty^^-P^ dt. (4.11) 

Jro Jto 
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Since r\ri'\/ri ^ 1, it follows from fl4.1Up that there exist C > such that 

C-^M2 < M2 < CM2. (4.12) 

Consequently, for < 7 < (p — l)/(p — 2) and 2 < p < d, we have Mf = 00 
and M2 < 00. 

On the other hand, fix /3 G M, /5 7^ 0, and let ip : (1, 00) [1, 00), be a 
smooth monotone function such that ilj{r) x r^, and such that ip' satisfies 
for any n = 1, 2, . . . , 



|^'(r)| 



e"^ r G [2n + l/4,2ra + 3/4], 
r G [2n + l,2n + 2]. 



Therefore, if P > {p — d)/p, then Aff < 00. 

Consider now M^', and recall that 2 < p < d. Consequently, there exist 
e > and C > such that the integrand of satisfies 



on a set of infinite measure. Hence, = 00. D 

Remark 4.3. The proof above takes into account that (14. 5p . (14.81) both con- 
verge or both diverge when (p{r) is of the form r"(logr)^, and the differenti- 
ation occurs only with respect to 7 for Lp{r) = r^~'^/'f'(logr)'^P~^^/^(loglogr)'''. 



5 Application: ground state of the linearized 
functional 

We consider the linearized problem associated with the functional Q > 0. 
Let ip he a. positive solution of the equation Q'{u) = m Q, and let 



am 



:= / (|V(/p|P-2|VMp + r(x)^P-V) dx. (5.1) 



Proposition 5.1. Let (f be a positive solution of the equation Q'{u) = in 
fl satisfying V^p 7^ 0. 

1. If p > 2 and (p is a ground state of Q, then ip is a ground state of a. 
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2. If p < 2 and ip is a ground state of a., then ip is a ground state of Q. 

Proof. Consider first the case p > 2. Assume that is a ground state of Q. 
Let {uk} be a null sequence of nonnegative functions, and let Wk '■= Uk/f. 

[ ^^\V^r^wr^\Vwk\^dx ^0. (5.2) 
Jn 

Set Vk := wl^"^. Then 

[ ip^\\/ipf-^\Vvk\^dx^O (5.3) 
Jn 

which by ( 12. lip yields 

Taking into account Remark [1.5[ we conclude that {fVk} is a null sequence 
for a. 

The case p < 2 is similar. If {zk} is a null sequence of nonnegative 
functions for the form a, then (15.31) is satisfied with Vk '■= Zk/^p. This implies 
(15. 2p with Wk = vl^^, which by (12.13^ yields Q{uk) —>■ with Uk = fWk- 
Therefore, {uk} is a null sequence for Q and the proposition is proved. □ 
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